For a class of Hamiltonian systems there exist infinite series of non-Hamiltonian symmetries. Some properties of these series are illustrated using a Boussinesq equation. It is shown that the recursion operators generated by these non-Hamiltonian symmetries are powers ofthe original recursion operator. A class of recursion formulas for the constants of the motion (not for the corresponding symmetries!) is given.
I. INTRODUCTION
For a certain class of Hamiltonian systems there exist so-called recursion operators for symmetries. Repeated application of such a recursion operator yields a series of symmetries. Often it is possible to construct in this way infinite series of Hamiltonian symmetries (corresponding to constants of the motion) and infinite series of non-Hamiltonian symmetries. The most well-known example is the Korteweg-de Vries equation, where the Lenard operator generates an infinite series of Hamiltonian symmetries and an infinite series of non-Hamiltonian symmetries. In this paper we use a Boussinesq equation to illustrate some properties of these series, in particular the series of non-Hamiltonian symmetries. Similar results can be obtained for various other equations, see Ten Eikelder.I,2 In this paper we work within the framework of differential geometry. For definitions of various concepts (symmetry, recursion operator for symmetries, etc.) see, for instance, Ref. 2, where also notations and conventions are given.
II. SYMMETRIES OF A BOUSSINESQ EQUATION
We study a Boussinesq equation of the form v, =wx ' w, = vVx + AV xxx ' -00 <x < 00, t>O.
(1)
We consider (1) as an evolution equation in a topological vector space 'lr of pairs of smooth functions (v,w) , which decay, together with their x derivatives, sufficiently fast for Ixl~oo. The spaces 'lr and 'lr* are constructed such that I Three infinite series of symmetries now can be defined by
It is shown by Fokas and 
t U(t»).
A Hamiltonian form of ( 1) 
and let the symplectic form 0 on 'lr be (represented by the linear mapping 0: 'lr ~'lr*) given by
O=(a~1 a~).
Then the vector field X can be written as X = 0 -I dF o (d = exterior derivative), so (1) is a Hamiltonian system. The invariance of ( 1) for translations along the t and x axis and for a scale transformation yields the following elementary symmetries:
Wx w+xwx
A recursion operator for symmetries of ( 1 ), written in terms of the "coordinates" of a modified Boussinesq equation, has been given by Fordy and Gibbons. 3 In terms of the "original coordinates" v and w this operator reads 2) that the Lie bracket [Ak,B I ] is given by [Ak, Bj. (3) A simple computation shows that
Substitution in (3) yields that the only non vanishing Lie brackets between the elements of the series X k' Y k , and Z k are given by
Since the Nijenhuis tensor of A vanishes, it immediately follows that
The first relation corresponds to the well-known fact that A is also a recursion operator for symmetries of the "higherorder Boussinesq equations" II = X k' The second relation shows that A is also a recursion operator for the equations
11= Y k •
Next we discuss some properties of the series of symmetries Z k' For every non-Hamiltonian symmetry Z a nonvanishing recursion operator for symmetries is given by n -1.2" Z n. If Z is a Hamiltonian symmetry this expression yields ° [because .2" zn = d(nZ) = 0]. Note that the recursion operators obtained in this way are always the product of a canonical operator n -I (also called Hamiltonian operator or implectic operator) and a closed operator .2" Z (n) (also called symplectic operator). Most interesting recursion operators have such a factorization, see, for instance, MagrV Fuchssteiner and Fokas, 6 or Gel'fand and Dorfman.
7 In Ref. 2, we computed recursion operators for the massive Thirring model by this method.
The symmetries Zo and ZI turn out to be non-Hamiltonian. The corresponding recursion operators are found to be n -I .2" z" n = 31 (l = identity mapping: rr ---+ rr),
So the recursion operator A can be reconstructed from the symmetry ZI' From (6) and (7) it is easily shown by induction that
Since the Lie derivatives and the exterior derivative commute, this relation yields a very simple proof of the wellknown fact that all the two-forms nA k are closed. This property implies that
Thus we have proved that all the symmetries Zk are nonHamiltonian and that the corresponding recursion operators are powers of A (up to a multiplicative constant Go = S': 00 vw dx, so Yo is also a Hamiltonian symmetry. A computation similar to (9) shows that all the symmetries X k , Yk (k = 0,1,2, ... ) are Hamiltonian vector fields, i.e., there exist two series of constants of the motion Fk and G k such that
The corresponding symmetries commute, so all these constants of the motion are in involution. The existence of the series Fk is a standard property in this case, see, for instance, Ref. 6. It follows from (10) that nAkX = dF k , which can be considered as "pre-Hamiltonian" forms for X = Xo. The original Hamiltonian form is obtained for k = 0, while formally k = -1 with F -I = S", 00 !w dx yields the second Hamiltonian form of the Boussinesq equation. We now give a class of recursion formulas for the constants of the motion Fk and G k • The Hamiltonian vector field corresponding to the function .2" z,F k on rr is
where we used (5) and (9). This yields the recursion formulas
In a similar way we get
(12) Note that in these recursion formulas it is not necessary to reconstruct a functional from its derivatives. The part of ZI with "coefficient" t is 2XI [see (2)], so this term can be omitted in (11) turn out to hold for the other symmetries Zk' For 1 = 1 we obtain from (11) and (12) the recursion formulas
Starting with Fo and Go these relations enable us to generate the series Fk and G k • In fact it is also possible to begin with
A constant of the motion that depends explicitly on t is J = J"': co (xv + tw)dx. Constants of the motion of this type always exist if a conserved density (in this case v) has a flux that is also conserved, see Broer and Backerra. 8 The Hamiltonian symmetry corresponding to J is formally given by -I (0) Z_I=O dJ= 1 .
It can be shown that (11) and (12) (14) allow us to go upwards in the series of constants of the motion, these two relations allow us to go downwards.
